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For some time it has been known that for prime powers pk = I + 3 .2”t 
there exists a pair of orthogonal Steiner triple systems of order pk. In fact, 
such a pair can be constructed using the method of Mullin and Nemeth for 
constructing strong starters. We use a generalization of the construction of 
Mullin and Nemeth to construct sets of mutually orthogonal Steiner triple 
systems for many of these prime powers. By using other techniques we show 
that a set of mutually orthogonal Steiner triple systems of any given size can be 
constructed for all but a finite number of such prime powers. 
A Steiner triple system of order n is a collection K(N) of 3-sets taken 
from an n-set N such that any 2-set of distinct elements of N is contained 
in a unique triple of K. It is well known that the existence of a set of 
(I G 1, 3, 1) difference blocks for an abelian group G implies the existence 
of a Steiner triple system K(G) [l]. Given a Steiner triple system K(N), 
for c E N let PKtN)(c) denote the collection of all 2-sets {a, b} such that 
{a, b, c} E K(N). Two Steiner triple systems S(N) and T(N) are said to be 
orthogonal if S(N) n T(N) = C? and for any c, d E N such that c # d 
we have 1 PScN)(c) n PT(&d)l < 1. A collection U(N) = {S,(N)} of 
Steiner triple systems is said to be an OSS(n, t) if ( U(N)/ = t and for 
S,(N), S,(N) E U(N), i # ,j, S,(N) is orthogonal to S,(N). 
The existence of OSS(n, 2) is well known for n having the property 
that whenever p = 2 (mod 3) and p 1 n, then pzh Ij n for some positive 
integer h (see, for instance, [2, 31). Rosa has shown that there exists an 
OSS(27,2) [l 11. The existence of many other sets of OSS(n, 2) can be shown 
by using the methods of Horton [4]. The set of numbers n such that there 
exists an OSS(n, 2) is known to be PBD-closed in the sense of Wilson 
[S, 141. This last fact can be used to show that OSS(n. 2) exist for all n = 1 
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or 3 (mod 6) with a finite number of exceptions (see, for instance, the 
discussion in [6]). 
Rosa constructed an OSS(31,4) about a year ago [12], but did not give 
further construction for OSS(n, t) with t > 2. In this paper, we will prove 
theorems on the existence of OSS(n, t) analogous to those known to be 
true for OSS(n, 2). The methods we are using originated with Mullin and 
Nemeth [8], and have been refined by Dillon and Morris [9] and the author 
WI 71. 
THE THEORY 
Our basic construction is based on a finite field K of order 
q = 6 . 2”t + 1, t odd. Let H and Q be subgroups of K* of order 3m 
and m, respectively, where m / 2S+1t. Let Y be a transversal of the group 
(1, - 1) in Q, and let B be a transversal of H in K*. ‘If S and T are two 
sets, then define ST = (st 1 s E S and t E T); if e E K and T is a set, define 
eT = {et I t E T}. Suppose that w  E H\Q and w(w - 1) E Q. Then the 
set BY{{l, w, 0}} will be denoted by L(B, Y, w) and will be called a 
construction. 
THEOREM 1. L(B, Y, w) is a (q, 3, 1) set of d@rence blocks for the 
group (K, +).’ 
Proof, The differences in the block { 1, w, 0} are & 1, iw, and 
+-(I - w). By the above conditions on w, if D is the set of these differences 
then YD = H. Thus, BYD = K*. It follows that the differences between 
members of the triples in L(B, Y, w) make up all of K*. But the number of 
differences is / K* /, so that every difference occurs only once. 
Let C and D be two (I G 1, 3, 1) sets of difference blocks for G. Let C(G) 
and D(G) be the Steiner triple systems derived from them. We say that 
C and D are orthogonal provided that 
(a) pcdO) n pDdO) = 0, and 
(b) for each g E G\(O) there is at most one element {e,f} E PCc&O) 
such that {e + g, f + g> E f’~dO). 
It is clear that condition (a) implies that C(G) n D(G) = m, and that 
condition (b) implies that I P&C) n PD&d)l < 1 for any c, d E G (see, 
for instance, the argument in [7, Lemma 11). Consequently, orthogonal 
sets of difference blocks correspond to orthogonal Steiner triple systems. 
1 R. M. Wilson has pointed out to the author that similar difference families are 
discussed in his paper on cyclotomy [15]. 
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THEOREM 2. Let Y consist of cosets of a subgroup U of K*. Suppose 
that L(B, Y, u) and L(B, Y, W) are constructions, u # w, and 
(4 v = UlW, 46 u, 
(b) v-l =u,(w-1). uz E u. 
Then L(B, Y, v) and L(B, Y, w) are orthogonal. 
Proof. We let 
L, = L(B, Y, v) = BY{(l) u, 0:.}, 
L, = L(B, Y, w) = BY{{l, w,O}}. 
We note that 
PL,(G)(O) = BY{(I, I+, { -1, ~1 - I}, {-z:, 1, -c}], 
and (1) 
PLY = BWl, H’), I-1, 1v - l}, (-IV, 1 - lV}: 
= BY{{&- ) u,w:, {-u1 ) ul(w - 1>;, (-IV, 1 - ,V}). 
From (I) it is clear that Pq,)(O) n Pq,)(O) = 0, since zf2 f 1, 
u1 # 1, and v # w (if two pairs are identical, then their differences must 
be identical). 
Finally, it is clear that if c1 , cz , and c3 are defined by 
u +c,, v + Cl> = 1% , w4, 
{ -1 + c, ) (v - 1) + CE) = { -U1 ) u,(w - l)}, 
(-0 +c,, (1 - U) + c3) = {-w, 1 - w], 
then condition (b) will be satisfied provided that the sets BYc, , BYcz , 
and BYc, are mutually disjoint, since these are the differences between the 
pairs in PL1(&O) and those in PLc,(&O). 
We know immediately that c3 = ZJ - w. Furthermore, c2 = 1 - u1 = 
1 - v/w and c, = u2 - 1 = (v - l)/(w - 1) - 1. Now we have 
WC,, cz , ~3) = BY@ - w)/(w - l), (II - w)/‘(-w), v - w} 
= BY(u - w)(w)-'(w - I)-'(w, I - w,w(w - 1)). 
Thus, by Theorem 1, I BY{c, , c2, c3}1 = / K* l/2. This shows that the 
sets BYcl , BYc, and BYc, are disjoint. 
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CONSTRUCTIONS 
We are now in a position to choose collections of mutually orthogonal 
sets of (q, 3, 1) difference blocks, and we may ask the question, How large 
can these collections become? The answer ultimately depends (for these 
constructions) on the sizes of q and s. 
Our method of attack is as follows. The subgroup U divides H\Q 
into I H\Q i/i U 1 equivalence classes, the cosets of U. It divides the 
constructions L(B, Y, a) into (1 Q I/I U ])(I H\Q 111 U 1) equivalence classes, 
depending on the cosets of u and 21 - 1; once the coset of Q containing v 
is determined, so is that containing v - 1. Suppose that there are N 
constructions. Then at least N/( / Q i/i U I)( j H\Q l/l U 1) of them must be 
in the same equivalence class. We show that this number must, for fixed s, 
become as large as we like if / K* / is large. 
In what follows, we take U to be the subgroup of K* of order t. We 
also take H = K* and Q to be the subgroup of index 3 in K*. It follows 
that the number of equivalence classes of constructions is 22s+3. Now we 
calculate N. 
THEOREM 3. Let s be3xed. Then for any given positive integer t, there 
is a constant Z(s, t) such that if 1 K 1 > Z(s, t) then N > t . 22s+3; in 
other words, there exists an OSS(l K /, t). 
Proof. Let (.) denote a character on K* of order 3. Let A = (n(n - 1)) 
and B = (n). Then consider the character sum 
S = (l/9) c (A2 + A f I)(2 - B - B2) (= the number of constructions 
plus 279) 
>(l/9)[~2-2~~A2j-2iI:Ai-~BA2+BAI 
-~~-1~(B~)2l-ZBLXA-~BXp]=~~. 
K 
K K K K 
Note also that & B = & B2 = 0, and that CK BA2 = CK B2A = - 1; 
these results all follow from the elementary properties of cubic reciprocity 
in K. Thus, 
SI = W’)[2q - 2 1; A2 1 - 2 ( ; A / - ( ; BA 1 - 1; VW2 ( + 21 . 
Now, by a result of Perel’mutter [13], we have I & A2 / < q1i2 + 1, 
lCKAi~q1’2+l,ICKBA/~l, l~K(BA)21~l.ThuS,S~S~~ 
(1/9)(2q - 4q1/2 - 4) = s, . This completes the proof; clearly, 
lim,,,(S2/22”+3) = co. 
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COROLLARY 3.1. There exists an OSS(j K 1, t) where K is any finite 
field such that I K I = 1 (mod 6) and t = [S2/22g+3]. 
COROLLARY 3.2. If 1 K / = 3 (mod 4) and I K ( > 173 then there 
exists an OSS(lK 1, 4). 
Proof. We need q - 2q1/2 - 2 > 145. It follows from 
(q - 147)2 - 4q > 0, 
q2 - 2989 + 1472 > 0, 
q > (298 + [(29EQ2 - (294)2]‘/“)/2 
= 148 + [(147)2 - (147)2]1/2 
= 148 + (592)li2 < 149 + 25 = 174. 
RECURSIVE METHODS 
The following theorem is useful in direct constructions for OSS(n, t). 
It provides constructions in many cases where the conditions of Theorem 2 
fail. 
THEOREM 4. Given an OSS(u, , t), an OSS(v, , t) with a sub-OSS(v, , t), 
and v1 - 2 puirwise orthogonal lutin squares of side s = v2 - v3, there 
exists an OSS(u,s + u3 , t). 
Proof. Horton [4] has shown that this is true for t = 2. However, his 
proof is independent of 1. In particular, let each triple system in the 
OSS(v, , t) correspond to exactly one triple system in the OSS(u, , t). 
Suppose that S,(N,) E OSS(u, , t) corresponds to S2(N2) E OSS(v2 , t) 
and that S, CS,, where S,(N,) E OSS(v, , t). For each such triple 
(S, , S, , S,), perform the construction of Horton. By Horton’s proof, 
all will be orthogonal. It is worth noting that the OSS(v,s + us, t) 
so constructed contains a sub-OSS(vi , t), i = 1,2, 3. 
It is worth noting that an OSS(q s + us , t) so constructed contains an 
OSS(v, , t) for i = 1, 2 or 3. 
AN OSS(u, t) EVENTUALLY EXISTS 
It is easy to show, as in [14], that the set s(t) of numbers such that there 
exists an OSS(n, t) is a PBD-closed set. Now consider S(6). We give below 
an OSS(3 1, 6) and an OSS(67,6). Thus, if p = GCD{m(m - 1) I m E S(6)}, 
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then @ 1 GCD{31(30), 67(66)}. Thus, j? 1 6. Consequently it follows that 
the numbers in S(6) are eventually periodic modulo 6. Similarly, we have 
THEOREM 4. For each positive integer t there exists a constant Z(t) 
such that ifm = 1 (mod 6) and m > Z(t) then m E S(t). 
Proof. By the well-known theorem of Dirichlet, we can choose a 
prime q = 43 (mod 228) such that q > Z(0, t). Similarly, choose a prime 
p E 19 (mod 12(q - 1)); clearly we have p 3 7 (mod 12) and p > Z(0, t). 
It follows that (p - 1)/6 = 3 (mod 2(q - I)), hence if c I (p - 1)/6 and 
c 1 (q - I)/6 then clearly c = 1, or 3. Now choose r = 31 (mod 36) such 
TABLE I 
n Design Type n Design 
- 
1 
3 
7 
9 
13 
15 
19 
21 
25 
27 
31 
33 
37 
39 
43 
45 
49 
51 
55 
57 
61 
63 
67 
69 
73 
75 
79 
81 
85 
OSS(1, co) 
OSS(7,2) 
OSS(13,2) 
OSS(19,2) 
OSS(25,2) 
OSS(27,2) 
OSS(31,6) 
OSS(37,2) 
OSS(43,4) 
OSS(49,2) 
OSS(61,3) 
OSS(67,6) 
OSS(73,2) 
OSS(79,2) 
Degenerate 
N 
M-N 
N 
M-N 
N 
M-N 
N 
M-N 
G 
N 
M-N 
N 
G 
N 
M-N 
N 
N 
N 
G 
N 
G 
N 
M-N 
N 
M-N 
N 
N 
87 
91 
93 
97 
99 
103 
105 
109 
111 
115 
117 
121 
123 
127 
129 
133 
135 
139 
141 
145 
147 
151 
153 
157 
159 
163 
165 
169 
171 
175 
OSS(91,2) 
OSS(97,2) 
OSS(103,5) 
OSS(109, 3) 
OSS(121,2) 
OSS(127,3) 
OSS(l33,2) 
OSS(139, 8) 
OSS(151, 12) 
OSS(157, 8) 
OSS(163,6) 
OSS( 169,2) 
OSS(175,2) 
Type Factorization 
N 
H 7 x 13 
N 
M-N 
N 
G 
N 
G 
N 
N 
N 
M-N 
N 
G 
N 
H 7 x 19 
N 
G 
N 
N 
N 
G 
N 
G 
N 
G 
N 
M-N 
N 
H 7 x 25 
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that r is prime and r > max(p, Z(0, t)}}. Then (r - 1)/6 E 5 (mod 6), 
so that 3 +’ (r - 1)/6. Clearly 
r = 7 (mod 12) and GCD(r(r - U,P(P - l), dq - 1)) = 6. 
Clearly, if /3 = GCD{m(m - 1) j m E S(t)}, then j3 1 6. Thus the set of 
numbers in s(t) is eventually periodic modulo 6 by Wilson’s theorem 
i5, Theorem 6.11. However, there exists an OSS(n, t) for some IZ = 1 
(mod 6): for instance, take n = p. The conclusion of the theorem follows. 
In Table I, we list the OSS(n, t) for 1 < n < 170 which we have found. 
We do not claim to have investigated all possible combinations of the 
constructions of Theorem 1, since we were doing the work by hand and 
many possibilities were eliminated because it seemed unlikely that they 
would give results. The symbol “M-N” indicates that a design is produced 
using the Mullin-Nemeth constructions. The symbol “G” indicates that 
it was produced using our constructions. The symbol “H” indicates that 
it was produced using Horton’s theorem; in this case n is factored in the 
appropriate manner. The symbol “N” indicates that no construction is 
known. In Table II, we give the sets of difference blocks for those entries 
of Table I labeled with a “G.” 
TABLE 11 
z,, : dzL({l), Y, w). w = 12,13,14 
z4, : +‘w11, y, w), w = l&37 
z,, : L({l}, Y, w), w = 14,48,57 
z,, : iL({l), Y, w), w = 13, 30,37 
Z,,, : Q(l), Y, N.), w = 16, 21,45, 86, 88 
Z 109 : Q(l), Y, w), w = 40,51,99 
Z,,, : L({l}, Y, w), w = 12,23,75 
Z,,, : iL({l), Y, w), w = 43,90, 114, 123 
Z 151 : &L({l}, Y, w), w = 23, 33,48, 56,63, 140 
Zlb7 : &L({l}, Y, w), w = 10,48, 122, 145 
Z 163 : iL({l), Y, w), w = 16,91,96 
Note. Vdenotes the subgroup of Z,* consisting of the 
elements of odd order; h is a primitive element of Z, , 
g = P, and Y = { 1, g, g2 ,..., gas-l} V3; C is a set, and the 
symbol “-Cc” denotes the set {-c I c E C}. 
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